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1      Introduction 

One  of  the  basic  problems  of  mathematical  logic  and  theoretical  computer  science  is  to  find 
as  a  tight  boundary  as  possible  between  the  decidable  and  the  undecidable.  Many  advances 
in  this  direction  have  recently  been  made  for  some  fragments  of  set  theory  (see  for  example 
[CFO,BFOS81,PP88,CCP89,CC89]). 

In  this  paper  we  show  that  Presburger  arithmetic  (which  is  well  known  to  be  decidable; 
see  [Pre29,End72])  can  be  extended  with  "homogeneous"  exponentiation  without  disrupting 
decidability.  We  will  be  more  specific  below  on  what  we  mean  by  homogeneous  exponentiation 
(in  short:  h.e.). 

It  is  known  that  the  most  interesting  and  expressive  theories  are  intractable,  when  decidable. 
This  is,  for  instance,  the  case  for  every  (logical)  theory  which  can  express  the  prepositional 
calculus.  In  fact,  from  the  result  of  Fisher  and  Rabin  (cf.  [FR74]),  it  follows  that  Presburger 
arithmetic  has  a  nondeterministic  time  lower  bound  of  2^"".  Obviously,  the  same  result  also 
holds  when  h.e.  is  admitted. 

Nevertheless,  even  intractable  decision  procedures  are  amenable  of  practical  utilizations  for 
small  fragments  of  their  domain  of  application.  For  instance,  despite  of  the  super-exponential 
lower  bound  cited  above,  unquantified  Presburger  arithmetic  is  A/'P-complete  (see  [Pap81]).  This 
fact  has  been  generalized  in  [Sho79]  and  [SJ80],  which  give  nondeterministic  polynomial  time 
decision  procedures  for  unquantified  Presburger  formulae  extended  respectively  with  uninter- 
preted predicate  and  function  symbols  and  with  array  constructs.  Likewise,  it  turns  out  that 
unquantified  Presburger  arithmetic  with  h.e.  is  A/'P-complete. 

In  the  following  section  we  will  give  some  basic  definitions.  Then,  in  Section  3  we  will  show 
how  to  eliminate  the  exponentiation  operator  from  Presburger  formulae  with  h.e..  For  ease  of 
exposition,  the  reduction  provided  is  not  optimal.    Section  4  will  hint  the  changes  needed  to 

'This  work  has  been  partially  supported  by  ENI  and  ENIDATA  within  the  AXL  project. 


prove  the  A/'T'-completeness  of  the  unquantified  theory.  Section  5  discusses  some  applications. 
The  paper  is  then  concluded  with  some  conjectures. 

2      Definitions  and  examples 

Presburger  arithmetic  (PA)  is  the  first-order  theory  of  natural  numbers  M  with  addition  + 
and  equality  =.  A  decision  procedure  for  PA  has  been  first  given  in  1929  (cf.  [Pre29]). 
Since  then,  several  improvements  both  in  space  and  time  complexity  have  been  made  (see 
[Coo71,Coo72,RD78,Opp78,Sca84]).  Some  authors  have  also  considered  extensions  of  PA  with 
functional  and  predicative  constructs,  such  as  the  array  operator  and  the  predicate  Perm  (see 
[SJ80,Sho79]),  but  only  for  unquantified  formulae. 

It  is  well  known  that  arithmetic,  i.e.  the  first  order  theory  of  natural  numbers  with  addi- 
tion and  multiplication,  is  undecidable  (see  [Chu36]).  Therefore,  any  extension  of  PA  which  is 
powerfid  enough  to  express  integer  multiplication  is  undecidable.  For  instance,  PA  with  array 
constructs  is  undecidable  (cf.  [SJ80])  as  well  as  PA  extended  with  a  single  monadic  predi- 
cate letter  (cf.  [Dow72]).  From  the  unsolvability  of  Hilbert's  tenth  problem  (cf,  [Mat70]  and 
[Dav73]),  it  follows  that  even  the  satisfiability  problem  for  the  cla^s  of  purely  existential  formulae 
of  arithmetic  cannot  be  decided.  This  last  result  implies  that  the  class  of  existentially  quantified 
formulae  of  PA  extended  by  any  operation  which  allows  to  instantiate  multiplication  in  a  purely 
existential  fashion  is  also  undecidable.  Thus,  for  instance,  one  has  that  the  satisfiability  problem 
for  the  quantifier-free  extensions  of  PA  with  any  of  the  following  operations  is  undecidable 

•  square^x),  i.e.  the  function  i"^, 

•  powerjn{x),  i.e.  the  function  i",  for  any  fixed  natural  number  n, 

•  exp(x,  J/),  i.e.  the  function  i". 

To  show  that  the  literal  z  ■=  x  •  y  can  be  expressed  by  means  of  the  function  squarei^x)^  it  is 
enough  to  consider  the  formula 

z  -\-  z  -\-  square(x)  +  square{y)  =  square{x  -\-  y)  . 

Similar  formulae  can  also  be  written  when  the  function  power.n{x)  is  admitted  in  place  of 
square{x),  for  n  >  3.  Finally,  since  square{x)  =  exp{x,2),  the  unquantified  subtheory  of  PA  -|- 
exp  is  undecidable  as  well. 

In  this  paper  we  consider  a  significantly  restricted  subclass  of  formulae  of  additive  arithmetic 
with  exponentiation,  whose  decision  problem  can  be  reduced  to  that  of  PA.  It  is  obtained  from 
the  theory  PA  -I-  exp  by  imposing  certain  syntactical  constraints  on  matrices  of  quantified  for- 
mulae, no  constraint  being  put  on  quantifiers.  We  will  refer  to  such  formulae  as  E -homogeneous 
Presburger  formulae  and  we  will  denote  their  class  by  PAEHom  •  So,  the  language  of  PAEnom  will 
have  the  operators  -|-  and  exp  and  the  relation  symbols  =  and  <  (we  include  the  symbol  <  in 
the  language  because  otherwise  the  relation  t  <  u,  with  t  and  u  containing  exp,  would  not  be 
immediately  expressible  using  PAEnom-formulae). 

For  simplicity,  in  the  following  we  will  write  x^  in  place  of  exp{x,  y). 


DEFINITION  2.1    Let  T  =  {«,•   :   i  =  1, . .  .,n}  be  a  set  of  terms  in  the  language  +,  exp.   Then 
T  is  said  to  be  ^-homogeneous  if  either 

(a)  each  <,  £  T  is  a  purely  additive  term  of  Presburger  arithmetic,  i.e.  each  ti  is  exponentiation 
free;  or 

(b)  all  terms  fi, . . . ,  <„  are  of  the  form  t"* , . . . ,  f"",  for  some  E -homogeneous  term  t,  and  some 
E-homogeneous  set  of  terms  {ui, . . . ,  u„}. 

A  term  t  is  E-homogeneous  ift  is  of  the  form  ti  +  -  •  ■  +  tn,  with  n  >  1,  and  the  set  {ti, . . .,  i„} 
is  E-homogeneous.  □ 

DEFINITION  2.2  An  atomic  formula  of  type  t  =  u  or  t  <  u  is  E-homogeneous  if  the  term 
t  +  u  is  E-homogeneous. 

A  formula  is  E-homogeneous  if  all  its  atoms  are  E-homogeneous. 

The  class  of  E-homogeneous  formulae  is  denoted  by  PAEhoiu  •  D 

Examples. 

•  The  set  of  terms 

is  iJ-homogeneous,  whereas 

is  not  ^-homogeneous. 

•  The  term  x^'^'^^^  is  fj-homogeneous,  whereas  the  terms  x^'^'^"'^   and  x  +  x^  are  not 
E  -  homogeneous . 

•  The  formula 

is  £'-homogeneous. 

In  the  following  section  we  will  show  how  to  effectively  reduce  any  PAEHom-formula  to  a 
logically  equivalent  PA-formula,  thus  proving  the  decidability  of  the  class  PAEHom  • 


3      The  main  result 

In  this  section  we  will  show  how  to  eliminate  exponentiation  from  £'-honiogeneous  atomic  for- 
mulae. Specifically,  we  will  provide  transformation  rules  that  given  any  £- homogeneous  atomic 
formula  </3(ii, . . . ,  Xn)  will  produce  another  ^^-homogeneous  quantifier- free  formula  ipixi, . . . ,  x„) 
(not  necessarily  atomic)  such  that 

(i)  each  atom  in  rp{xi, . .  .,x„)  contains  less  occurrences  of  the  exponentiation  operator  than 
f{xi,...,Xn),  and 


(ii)  the  formula 


is  valid. 


(Vii)---(Vx„)((^(xi,...,x„)  ^  V(a;i,...,x„)) 


Therefore,  by  repeatedly  applying  the  transformations  to  be  described  below,  one  can  reduce 
the  decision  problem  for  PAEnom  to  that  of  PA. 

For  simplification  purposes,  we  will  make  the  convention  that 

0°  =  0  . 

Let  us  begin  by  first  considering  ^-homogeneous  atomic  formulae  of  type 

t^i  +1""^  +  ...  +  t'^  =t'"  +t'"'  +  ...  +  t"""  .  (1) 

Clearly,  (1)  is  equivalent  to  the  disjunction  of  the  following  two  formulae 

t  <  1     A     f"'  -f  T'  -f  . . .  -i-  <""  =  «"i  -I-  f"2  -I-  . . .  -I-  <""•  (2) 

t>2     A     <"'  -f  <"2  ^  . . .  -h  f""  =  «">  -I-  r^  -f  . . .  -h  «""•  .  (3) 

It  is  immediate  to  see  that  (2)  is  equivalent  to 

f  =  0  V(f  =  1  Am  =  n)  .  (4) 

REMARK  3.1  Notice  that  (4)  contains  atoms  of  type  t  =  k,  with  t  J5-homogeneous  and  k  an 
integer  constant,  which  are  not  ^-homogeneous  according  to  Definition  2.2.  Nevertheless,  below 
we  will  show  how  to  eliminate  exponentiation  from  such  atoms  and  also  from  atoms  of  the  form 
t  =  u  +  k,  with  t,  u  £- homogeneous  and  k  an  integer  constant.  □ 

We  will  use  the  notation  /„  =  {1, . . . ,  n}.  Also,  AC  B  [resp.  A  C  B]  will  be  used  throughout 
to  denote  that  A  is  a,  subset  of  B  [resp.  A  is  a  proper  subset  of  B]. 

To  reduce  formula  (3),  we  will  consider  separately  the  cases  in  which  n  =  m=l,n>m  =  l, 
and  n,  m  >  1  (case  m  >  n  =  1  is  completely  identical  to  case  n  >  m  =  1),  where  n  and  m  are 
respectively  the  number  of  addends  in  the  left-  and  right-hand  sides  of  (1). 

Case  n  =  m  =  lo  In  this  case  (3)  becomes  t  >  2  A  <">  =  t"^  which  is  clearly  equivalent  to 

t>2Aui  =  vi.  (5) 


Case  n  >  m  =  1.  In  this  Ccise  (3)  becomes 

<>  2  A  t"'  +  «"2  +...  +  <""=  f*^  . 
We  claim  that  (6)  is  equivalent  to 

V  (  /\  Ui„  =  «„  +  /I  A  <"'o  +     ^     <"•  =  <"^ 


(6) 


V    I  <  =  fcA 

k=2 


/IC/n.he/n.ioe/n      \ae/l 


i€ln\A 


V     V     \   /\vi=u,  +  h 


h€In     \:€/n 


\ 


/ 


(7) 


It  is  immediate  to  see  that  (7)  implies  (6).  To  show  the  converse,  we  proceed  as  follows.  Let 
P  >  2,  9i,. .  .,9„,ri  >  0  (n  >  2)  be  natural  numbers  such  that  J2ielnP'^'  ~  P^^ ■  Then  p  <  n. 
In  fact,  if  p  >  n,  by  putting  q  =  max{9i, . . . ,  g„},  we  would  have  Z),g/„  p''  <  n  ■  p^  <  p""^  ,  a 
contradiction. 

If  9i  =  92  =  •  •  •  =  9n>  then  n  •  p'^  =  p*"* ,  so  that  logp  n  is  an  integer,  and  ri  =  ?,•  +  logp  n, 
i  6  /n-  On  the  other  hand,  if  qi  ^  qj  for  some  i,j  6  /„,  then  by  putting  q'  =  min{g,  :  i  G  /„} 
and  g,o  =  min{9j   :  i  E  In  and  qi  ^  g'},  it  follows  that 

\{ieln  :  9.  =  ?'} I  >?'•«"'' . 

Thus,  (7)  can  be  satisfied  by  p,  qi,  ri  by  taking  A  C  A  such  that  |>1|  =  p^,  with  /i  =  g,g  —  q'. 
Below  we  will  show  how  to  deal  with  atoms  of  type  vi  =  u,  +  h. 


Case  n,m  >  I,  Let  us  denote  by  A  the  formula 


V 

ACIn 


\ 


/ 


V    V 


\ 


SC/m     1 
•  0€/n      \ 


b&B  •€/„  j6/m\B 


•e/n 


Then  in  this  case  (3)  is  equivalent  to 


<>  2 A^ . 


(8) 


Again,  it  is  plain  that  (8)  implies  (3).  To  show  the  converse,  we  use  the  following  elementary 
lemma. 


LEMMA  3.2  Let  p  >  2  and  let  0  <  qi, . . . ,qn  <  r  such  that  J2ian  P''  >  P*"-   ^'*^"'  T,a&A P'"  = 
p'' ,  for  some  A  C  In- 
Proof.    Suppose  by  way  of  contradiction  that  the  lemma  is  false.    Let  A  C  /„  be  such  that 
^oe^TP'"  >  P*"  and  J2  a€A  P'"   <  P^  for  all  cq  €  A.    Let  ga*   =  Tmn{qa     :     a  £  A}.    Then 


pia'  \  p^ -Yl  agj  p'",  SO  that  p^ -Y,  aeT  P'"  ^  P'"* '  contradicting  the  assumption  Yia^lP'*''  >  P"^- 


o^o* 


o^a* 


Now,  assume  that  XIi€/nP''  ~  S>e/m  P"^^'  ^°''"  P  ^  2,  and  qi,rj  >  0,  with  i  6  /„  and  j  6  Im 
{n,m  >  1).  Let  q'  =  min{g,  :  t  G  /n}  and  r'  =  min{rj  :  j  G  /^}.  If  q'  =  r\  (8)  follows 
immediately.  So  assume  that  q'  <  r'.  Let  A  =  {i  •  qi  <  r'}.  Then  p''  \  Y^^-jpf',  so  that 
X^^gjp'*  >  p^' .  Then,  Lemma  3.2  implies  that  (8)  is  satisfied  by  p,qi,rj.  The  case  q'  >  r'  is 
completely  analogous  to  the  preceding. 


Next  we  consider  atomic  formulae  of  type 

t"i  +  r^  +  . . .  +  t""  <  t"»  +  i"'  +  . . .  +  <""•  . 
These  are  equivalent  to  the  disjunction  of  the  following  two  formulae 

t>2    A     t"'  +  t"^  +...  +  <""<  i*^  +  i''^  +  ...  +  t""" 

Plainly,  (10)  is  equivalent  to 

t  =  1  A  n  <  m  . 


(9) 


(10) 

(11) 


Formula  (11)  will  be  dealt  with  by  considering  separately  the  cases  n  =  m=l,n>m  =  l, 
and  m  >  1. 

Case  n  =  m  =  1.  In  this  case  (11)  becomes  t  >  2  A  f"i  <  t^  which  is  clearly  equivalent  to 

t>2Aui<vi.  (12) 


Case  n  >  m  =  1.  In  this  case  (11)  becomes 

t  >  2  A  «"'  +  <"2  +  . . .  +  f""  <  f*^  . 

Let  us  show  that  (13)  is  equivalent  to 

<>2A   /\u.  <t;iA    /\    ^t"°  jL  t"^ 
i€ln  ACI„  aeA 


(13) 


(14) 


Plainly,  (14)  implies  (13).  To  prove  the  converse  implication,  let  n,p  >  2,  n  >  0,  g,  >  0,  with 
i  €  In,  be  natural  numbers  satisfying  (13),  i.e.  such  that  E.e/„  P''  <  P'"'  •  Since  p«'  <  p*"* ,  i  €  /„, 
by  Lemma  3.2  we  have  EagAP'"  <  P*"'.  for  all  A  C  7„.  This  in  turn  implies  E06.4P'''  7^  P""' '  '^■^■ 
(14)  is  satisfied  by  p,qi,ri,  proving  that  (14)  is  implied  by  (13). 


Case  m  >  1.  Let  us  denote  by  B  the  formula 


V 

ACIn 


/ 


\ 


V   V 


flc/,.. 


66B  .€/„  je/„.\B 


•e/n 


/ 


Then  (11)  is  equivalent  to 

^  >  2  A  I    V    ^  r-  <  <"^  V  [    /\    ^  <"•  >  t"^  A  fi  j  I    .  (15) 

\j€/m  l€/r.  \jelm  16 /n  /   / 

Clearly,  (15)  implies  (11).  To  prove  the  converse,  let  p  >  2,  g,,  rj  >  0,  with  i  £  In  and  j  G  /„, 
satisfy  (ll)j  i.e.  J2i&i„  P''  <  Eje/„  P''' ■  Also,  assume  that  ;^,g/^  p«'  >  p'"J,  for  all  j  G  /„.  Then, 
to  prove  that  (15)  is  satisfied  too  by  p,  qi,  rj,  it  is  enough  to  prove  that  B  is  satisfied  by  p,  g,,  rj. 
Let  p^  be  the  maximum  power  of  p  such  that  J2i^i„P'^'  >  P^-  Since  M  >  qi,  i  G  In,  from 
Lemma  3.2  it  follows  that  p^  =  Xlag^p''",  for  some  A  C  /„.  Likewise,  M  >  rj,  j  G  Im-  But 
pA/  <  Xlje/^P'^-'-  Thus,  again  from  Lemma  3.2,  we  have  p^  =  J^beBP'^''^  for  some  B  C  /^. 
Therefore,  I!^aG/lP'"  —  ITieBP'^'''  fo'"  some  A  C  /„  and  B  C  I„:,  so  that,  by  the  same  argument 
used  for  Case  ra  >  m  >  1  of  the  reduction  of  (3),  it  follows  that  B  is  satisfied  by  p,  qi,  rj. 

As  anticipated  earlier,  we  need  also  to  show  that  the  exponentiation  operator  can  be  elimi- 
nated from  atomic  formulae  of  type 

<"'  =  k  (16) 

(with  f"!  ^-homogeneous)  and  atoms  of  type 

i"i  =1"'  -\.k  (17) 

(with  f"'  +  t^  fJ-homogeneous),  where  k  is  an  integer  constant. 

But  this  is  immediate,  since  (16)  is  easily  seen  to  be  equivalent  to 

(t  <  1  At  =  fc)V(f  >  2A    y   {t  =  iAui=  j)), 


t3  =  k 


whereas  (17)  is  plainly  equivalent  to 


{k  =  OA{t  =  QWui=vi))W{k>lA       \/      {t  =  i  A  m  =  j  A  vi  =  £))  . 

Summing  up,  in  view  of  the  decidability  of  Presburger  arithmetic,  we  have  proved 
THEOREM  3.3   The  theory  PAEnom  is  decidable.  Q 

4     The  complexity  of  unquantified  formulae 

In  this  section  we  sketch  the  proof  that  the  satisfiability  problem  for  unquantified  PAEhoiii- 
formulae  is  A/'P-complete. 

An  inspection  of  the  elimination  rules  described  in  the  preceding  section  shows  that  any 
given  unquantified  PAEnom-formula  f  can  be  transformed  into  a  logically  equivalent  unquantified 
formula  tp  of  PA  such  that: 


(i)  the  formulae  </?  and  V'  involve  the  same  variables; 


(ii)  every  new  integer  constant  introduced  in  ip  is  0(|<^|),  where  |(^|  denotes  the  length  of  the 
formula  (p  in  any  convenient  encoding. 

Thus,  it  follows  from  the  AT^-completeness  of  linear  integer  programming  (cf.  [Pap81,BT76]) 
that  if  V?  has  integer  solutions,  then  it  has  solutions  bounded  by  c^'  '',  where  c^  is  the  maximum 
constant  in  0  and  p  is  a  polynomial.  Clearly,  by  (i)  and  (ii)  above,  much  the  same  result  holds 
for  (f.  Specifically,  we  have  that  when  if  is  solvable  then  it  has  solutions  bounded  by  (fcc,^)^*!'^!), 
where  c^  is  the  maximum  constant  in  (p,  k  is  an  integer  constant  and  p  is  a  polynomial. 

To  show  the  ATP-completeness  of  unquantified  satisfiable  PAEHom-formulae,  it  only  remains 
to  prove  that  given  q  natural  numbers  ^i,  •  •  • ,  ^.j  bounded  by  (/jc^)''"'^"  (one  for  each  free  variable 
Xi  occurring  in  (f),  it  can  be  tested  in  polynomial  time  whether  they  constitute  a  solution  of  (p. 
Observe  that  direct  substitution  in  ^p  and  subsequent  numeric  computations  lead  to  an  at  least 
exponential  verification  test.  Likewise,  by  using  the  logically  equivalent  PA-formula  0  in  place 
of  ip,  one  faces  also  a  running  time  which  is  at  least  exponential,  since  such  is  the  number  of 
conjuncts  of  ij;  that  one  may  need  to  verify.  For  instance,  consider  the  formula 

<p  =  i  >  2  A  t">  +<"*  +  ...+  <""  j.^  f^  +  «"2  ^  ...  +  i"-  , 

with  n,  m  >  2.  Then  <p  is  equivalent  to 

/  \ 


t  >  2A     /\ 


ACIn 
io€Irr 


A  A 


\ 


BCJm     I 


6€B  -e/n  j6/m\S 


Thus,  if  \(p\  is  0{n),  then  the  simple-minded  way  to  certify  a  purported  solution  needs  to  verify 
the  exponentially  many  conjuncts 

for  each  A  C  /„,  jo  e  /m- 

Alternative  transformation  rules  which  solve  this  problem  can  be  easily  devised  after  the 
observation  that  the  relation  between  any  two  i^- homogeneous  terms 

is  completely  determined  once  one  knows  the  relations  between  the  u,'s  and  the  t;/s,  and  an 
approximation  of  the  value  of  t.  Specifically,  given  wi  and  wj  in  {ui, . . . ,  u„,  vi,...,  u„},  all  the 


information  needed  is  which  of  the  following  relations  hold: 

Wi  <  ws^i,  i  =  1,2 

Wi  =W3.i  +  j,  i  =  1,2,  j  <  max(|"log2n],  [logjm]) 

Wi  >  W3-i  +  max(  [logj  n] ,  flogj  m] ) ,  i  =  1, 2  (18) 

t  =k  fc  =  0, 1, . .  .,max(n,  m) 

t  >  max(n,  m)  . 

By  inductively  eliminating  exponentiation  from  the  above  literals,  we  finally  end  up  with  C?(|<y5|) 
exponentiation-free  relations  of  type  (18)  between  the  variables  occurring  in  (p.  These  relations 
can  be  used  to  compute  in  nondeterministic  polynomial  time  the  truth  value  of  any  PAEHom- 
formula  <^  under  any  given  tuple  of  exponentially  bounded  numbers. 

In  a  more  extended  version  of  this  paper  we  will  be  more  specific  on  this  point  and  we  will 
explicitly  provide  such  transformation  rules. 

5  Some  applications 

Observe  that  proper  ^-homogeneous  terms  are  closed  under  multiplication,  in  the  sense  that 
given  any  pair  of  ^-homogeneous  terms  {t"',<"^},  then  the  term 

is  also  E-homogeneous. 

This  simple  remark  allows  to  conclude  that  Hilbert's  tenth  problem  becomes  solvable  when 
solutions  are  seeked  in  certain  restricted  classes  of  numbers.  Thus,  for  instance,  given  a  fixed 
natural  number  n,  by  applying  the  reductions  described  in  Section  3,  one  can  easily  decide 
whether  a  polynomial  Diophantine  equation  has  solutions  of  the  form  n*  or  whether  there  exist 
solution  of  the  form  m*  for  some  m,  etc. .  This  is  to  be  contrasted  with  the  unsolvability  of 
Hilbert's  tenth  problem  in  general  (cf.  [Mat70]). 

We  also  mention  that  the  elimination  technique  described  in  the  preceding  sections  can  easily 
be  extended  to  deal  also  with  the  array  constructs  introduced  in  [SJ80]  and  with  uninterpreted 
function  and  predicate  symbols  (cf.  [Sho79]),  by  suitably  redefining  E-homogeneous  terms  and 
formulae. 

6  Open  problems 

Another  way  to  extend  Presburger  arithmetic  with  exponentiation  is  by  allowing  exponentiation 
over  a  fixed  base,  i.e.  by  extending  the  language  of  additive  arithmetic  with  terms  of  the  form 
exp{2,  i).  We  conjecture  that  the  resulting  fully  quantified  theory  is  undecidable,  whereas  the 
underlying  unquantified  theory  is  decidable. 
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